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Abstract 



Jackson's (/-exponential is expressed as the exponential of a series whose 
coefficients are obtained in closed form. Such a relation is used to derive some 
properties of the g-exponential. 
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Since the advent of quantum groups, Jackson's g-exponential jT] has found a lot 
of applications in physics. As an example, we may quote its use to describe some 
generalized coherent states in quantum optics [21 Ej- 

Properties of the g-exponential are often derived from its expression as an in- 
finite product [3]. For practical purposes, however, it may be useful to know the 
link between the g-exponential and an elementary function, such as the ordinary 
exponential. It is the purpose of the present letter to establish such a relation. 

Jackson's g-exponential, defined by a 



a Jackson has actually introduced two different kinds of g-cxponentials, but the other one is 
related to the inverse of that considered here. 
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^ [k] q [k-l] q ...[l} q if fc = l,2,... : 

[^ = I^! = l + g + ^ + ... + /-\ (3) 

has a finite radius of convergence [oo] q = (1 — q)^ 1 if < q < 1, but converges for 
all finite z if q > 1 5J. In the appropriate region of definition, let us try to express 
it as the exponential of some series, 

E q (z) = exv(jTc k (q)z k j. (4) 

This amounts to expanding in Taylor series the logarithm of the g-exponential, 

oo 

]nE q (z) = J2c k (q)z k . (5) 

k=l 

In Ref. jH], it has been shown that if the functions f(z) = J2kLo a k zk and h(z) = 
In f(z) = SfeLi c kZ k , where ao = 1, are analytic in some neighbourhood of zero, then 
the Taylor coefficients of h(z) satisfy the recursion relation 
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Ck = a k - - ^2 J a k-jCj, k = 2, 3, . . . , (6) 

with c\ = a\. Applying this result to the logarithm of the g-exponential leads to the 
relations 

Cl (?) = 1. (8) 

It is straightforward to check that the solution of Eq. (JZj), satisfying condition 
(JBJ), is provided by 

Cfe(g)= jfcjf ' fe = 1 } 2,3,.... (9) 

Inserting such an expression in Eq. (JJJ) converts the latter into the relation 
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(l- g )^- 1 [7-l],! = fc, A: = 2,3,..., (10) 
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_ q " W [k ~ 3V 

denotes a g-binomial coefficient j^j- Equation (|Tnjl can be easily proved by induction 



over k by using the recursion relation 
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We indeed obtain 
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where in the last step use has been made of the induction hypothesis. 

Equations (jlj) and are the central result of this paper. To illustrate their use- 
fulness, one can apply them to derive the following properties of the g-exponential, 
already quoted in Ref. [4J (where we have corrected some misprints), 



E q (z)E r i{z) = l, 
E q (z)E q (-z) = E q2 (l^-z 2 ] . 
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E q ([n] q z) = EAq m z), n = 2,3,..., 



m=0 

as well as a generalization of Eq. (JT5J), 
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H E q (e 2 ^ n z) = E qn ( (1 , ^ V 
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The proof of these relations is based upon the multiplicative property of the ordinary 
exponential, exp(x) exp(y) = exp(x + y), and on some elementary properties of the 
coefficients c&(g), defined in ©, 

c k {q- 1 ) = (-l) k - l c k (q), (18) 

2c 2k (q) = (j^fj c ^)> ( 19 ) 
[n) qkCk (q n ) = ([n] q ) k c k (q), (20) 

nc nk (q) = ( (1 ^ n l ) c*(<l n )- (21) 

We think that the expression of Jackson's ^-exponential as the exponential of a 
series whose coefficients are known in closed form may find some interesting physical 
applications. As a final point, it is worth noting that such a simple result does not 
seem to hold true for the g-exponential defined in terms of symmetric g-numbers. 

The author is indebted to K. A. Penson for informing her about Ref. [Hj and for 
a valuable discussion. Thanks are also due to R. Jagannathan and K. Srinivasa Rao 
for some interesting comments. The author is a Research Director of the National 
Fund for Scientific Research (FNRS), Belgium. 
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